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LETTER TO THE EDITOR

All quantum group structures on the supergroup GL(1] 1)

B A Kupershmidt
The University of Tennessee Space Institute, Tullahoma, TN 37388, USA

Received 18 September 1992

Abstract. All quantum group structures are found on the supergroup GL(1|1). These
structures are described by two two-parameter families, GLg,5(111) and G Ly, 5, (1] 1).
Each family possesses a central multiplicative quantum superdeterminant, whichk allows
one to define the quantum supergroups SLg (1|1} and SLy 4, (1]1).

Quantum analogues of a given classical object are, in general, not unigue. When
the object is a group (or a supergroup), the variety of possible quantum analogues
is, as a rule, very large. There are two exceptions to the rule when the group is a
matrix one: the group GL(2), and the supergroup GL(1|1). In the former case,
there exist precisely two quantizations of GL(2) which can be restricted to SL(2)
(by virtue of having the quantum determinant to be central), namely GL,(2) and
GL(2) (Kupershmidt 1992). Let us now look at the supergroup GL(1]1).

We start off with the quasiclassical description. In other words, let us first
determine all Lie-Poisson structures on the supergroup GL(1{1). One can show that,
for the general case of GL(n | m}, all such structures arise as Poisson symmetries of
a pair of Poisson superplanes, V*|™ and virim) say, of opposite Z,-gradings. For
the case at hand, we have two (1| 1)-dimensional superplanes, with coordinates which
we denote (x, €) and (7, y) respectively. From Z,-dimensional considerations, the
most general quadratic Poisson brackets on these planes are given by the formulae

{maﬁ} = PlEE {53 E} = pzmz (161)
{n.n} = p* {y,n} = psyn (16)

where p,,...,p, are arbitrary even constants; as usual, latin and greek letters denote
even and odd elements respectively. Taking

u( 9

as a general element of Mat(1|1), we demand that the relations (1) are preserved
under the action of M (by multiplication) on the vectors (:) and (Z)

GGG G-Ca6). o
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This requirement uniqucly determines a multiplicative (pre) Poisson structure on
Mat(1]1)

{a,d} = —(p, + ;)87 {e,8} = p;aB — pydy
{a,7} = pyav - p,dB {8,8}) = py(d* - a?)

&)
{77} = ppla? - d%) {8,7} = (p, ~ p3)Bv
{d,B} = psdf —p,avy {d,7} = prdv — ppaB.
This structure has the following properties:
(A) The superdeterminant
sdet(M) = (d — ya~18)e™? 4

is central for all values of the parameters py, ..., p,
(B) The Poisson brackets (3) on Mat(1|1) satisfy the (graded) Jacobi identities
iff the superplane Poisson brackets (1) do, which happens iff

Pips = p3py = 0. (5)

Thus, there exist precisely 3 non-isomorphic families of multiplicative Poisson
structures on Mat(1]1)

pr=p3=0 (6a)
pr=py=10 (6b)
{p, = p, = 0} isomorphic to {p, = p; = 0}. (6¢)

(C) The Poisson centre of Mat(1|1) is generated by

dP P
P(a,d) - %q«ﬁ YP € C(a,d) (Ta)

for the case (62); sdet(M) for the case (6b) when p, + p; # 0. If, in addition,
p; + p3 = 0, then the Poisson generators are

P(a/d) and Q(a,d)y8 VP, Q (76)
P(a/d) -0~ P48 vP (7c)

for the case (6¢c) when p; = p, =0, p; # 0. If p; = 0, then the generators are as in
(7a).

Now let us turnt to the quantum picture.

We start with the case (6¢), p; = py = 0. The quantum analogue of formulae (1)
is

zf =z & = ha? 7 =0 yn = qny. (8)
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The guantum matrix M = (: S) preserves these relations iff

af = ¢fa a7y = ya—h(1+q)3d
ad=11+q¢Nda+3(1-q¢ "8  dB=qpd

dy=~yd—h(1+g)Be  p*=0
By=3g ' -Dda- g + 18 ¥ =h(? -,

®

Ordering monomials according to the rule ¢ > d > @ > + and using the diamond
lemma (Bergman 1978) we find that formulae (9) do not have the PBW property for

gF Leg
0= 3y = g ' - 1)*(2g + ¢*)fda.

The quantum version of the property (B) above breaks down here: it is easy to check
that the quantum superplane

v§ = géz ¢ = ha?
has the PBW property iff
h(¢*=1)=0 (10)

an analogue of formula (5), and this criterion is obviously satisfied by the superplanes
(8). This is a rare instance of a non-quantizable situation.

Remark. This exampie answers in the negative the open problem 1.1 in Drinfel'd
(1992), of whether every Lie bialgebra can be quantized. Drinfel’d proves that this is
always possible modulo (g — 1)*

Next we consider the case {(6b), p, = p; = 0. Its quantum version is the pair of
superplanes

zt=q %z £=0 #*=0 gy=Qun (11)

The PBW criterion (10) is satisfied for both superplanes. The quantum matrix

M = (_‘; 'g) is a symmetry of (1) iff

v¥=0  48=-qQ '8y vd=gqgdy  ~a=gay
=0 pd=Qdf  fa=Qaf @2)
da=ad+ (Q7'~q)B.

By construction, formulae (12) are multiplicative; we write M € Mat, 5(1|1) for
brevity. This time the PBW property holds true. Further, the quantum determinant
sDet( M), given by the same classical formula (4), is central and multiplicative (i.e.
group-like). One gets the quantum supergroups GL, 5(1|1) and SL, 5(1]1)}
thereby. For @ = ¢, these supergroups are known (&orrigan et al 1950) under
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the name GL,(1]1); for Q # g, they are discussed in Dabrowski and Wang (1991).
Finally, using formulae

sDet(M) = a”(d —ve™'8) = [d"(a - Bd™ 1)V = [(a — Bd1y)d"]"  (13)

one can show that
e =l _
M-1=a-1(d+ﬁ“ Y-yem s f)a-l[soet(m]-‘ (14)

-
M-l¢ Matq_1’Q_1(1 ] 1) (15)
and that
sDet( M~1) = [sDet(M)]~1. (16)
For Q # g™, one also has the following purely quantum formula:
gda~! —Q la~ld
sDet(M) = 17
(M) o (17)
In analogy with the case of GL (1|1) (Schwenk et al 1990) one should expect that
M* € Mat . on(1]1) sDet( M*) = [sDet( M)]* Yke Z. (18)
Suppose L = (\)If( 3) is a 2 x2 Z,graded even matrix whose elements
supercommute with those of Af. Define
sSTH(L)y=X-Y. (19
Then
ST(MLM™1) = sT(M Y LM) = sTr( L). (20)

Let us now turn to the last, and the most complicated, case (6a), p; = p; = 0. The
quantum version of a pair of superplanes (1) is

sf=fr  E=hz? gFz=hy  yn=ny (21)
where h, and h,, like k,In g and In Q before them, are the deformation parameters.
The PBW criterion (10) is clearly satisfied. The quantum matrix M = (: g)
prescrves the relations (21) iff

h
V=12l -d)  yB=-py A=kl

~d = 1_;&[2h1a,6 + (14 A)dq]

1 h
Ya = m[(1+ﬂ)a‘7+2hldﬁ} ,32= z

1-A

(¥-d?) (22)
3d = I«:luﬂ-[tha'y +(1+A)dg)

1
Ba = 1—_-3-[(1 + A)aB + 2hydy] da = ad.
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We write M € Mat, , (1}1). These formulae have the following properties:
{A’) The expressions (4) and (13), in the form

stet,(M) = (d — va~'@)a ' = ¢ Yd - va~18) (23a)
and
stety(M) = d" (e — Bd™1v) = (a — Bd"1y)d™! (23b)

are central but not multiplicative, and are no longer inverse to each other. Thus,
the triangular decomposition methods for defining quantum superdeterminants
(Kupershmidt 1990)

(:, g) = (a-llv ?) (3 d_fa—xﬁ) ((1) “_11’3) (24a)
G ) e

fail here, For the inverse matrix we have formula (14), with stet;( M) substituted in
place of sDet( M), as well as

“1_ -1 d 'l -1 -1
M =d (_.}, ﬂ-[-‘yd_lﬁ—ﬁd_l‘y d [Stetz(M)] . (25)

(B') The PBW property holds true for Mat,, , (1]1);

(C') The element o — d? is central, and so are 32 and 2, We also have

[a,B87] = [d,8v] =0 (26)

so some analogue of formula (72) may hold true also as a quantum version, since
[¢,d] =0;

(D} We still have to find a quantum superdeterminant. Recall why the difficulties
arise only in the Z,-graded case. In the non-Z,-graded situation of linear algebra,
if A:V —V is a linear operator on a finite-dimensional vector space (or a free
module), its induced action on A®{V'), n = dimV/, is an operator of multiplication
by a scalar, since A™(V) is one-dimensional, This scalar, called the determinant of
A, is by construction multiplicative. If V is now Z, graded, V = V, + V,, there
are no one-dimensional analogues of A™{V'}, so there is no analogue of the usual
determinant. The new animal, sdet(A), the superdeterminant, is a rational function
of A, and there is no immediately obvious one-dimensional module on which the
sdet( A) acts. However, there exists something very close, and in any case sufficient for
our purposes. Suppose U C W is a pair of finite-dimensional vector spaces (or free
modules}) such that dim(W/U) = 1, and suppose A: W -+ W is a linear operator
for which U is invariant: A(U} C U. Then A acts on the one-dimensional space
W/ U, hence it acts by multiplication, and one obtains a muitiplicative determinant.
If W=V, +V, is Z,-graded, then, for a basis {e;} of W, we set

W/U = {[N{e;le; is 0dd }][N;{e;e; is even }]77). (27)
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For A even, we can reverse the Z,-gradings of the basis {e;} and obtain a second
version of the superdeterminant. The reader can check that in this way one the gets
non-quantum formulae (23) and the usual two expressions for the superdeterminant.
Let us see how this device works in our quantum case. We have, by (2) and (21)

b= (yz 4 de)(az + BE)"! = (v + déz ") (a + BEx71)
= (v + déz" )1 - e" '8z )(a + hyBa'8)
= [(v+ da~'Bhy) + (d —va~ '8}z (a + hyBa~'8)! (28a)

and hence we get the first desired candidate for the quantum superdeterminant

sDet;(M) = (d - ya~l8)(a+ hlﬁa'lﬁ)'l
= stet,( M) (1 + hyBa18a 1)1, (29a)

By construction, sDet,{ M ) is multiplicative. One can check that Ba~!Ba~! is central.
Hence, sDet,(M) is central as well. Similarly, we have

7' = (yn+dy) " (an + By) = (vy "0+ &) N(ay"In + 5)
= (d 4 hyyd™ ) (1 = vd~ 'y~ 'n)(ey ' + B)
= (d+ hyyd ') (e + vd ' B)y " n+ (8 — vd ™ ahy)] (285)

so that we get the second candidate for the quantum superdeterminant

sDet,(M) = (d+ hyvd™'v) " a + vd™13)
= (14 hyd~lyd~ly) " Istet,( M), (295)

Again, sDet,( M) is multiplicative by construction. Also, d~1yd~!v can be shown to
be central. Thus, sDet,{ M) is also central. Finally, one can verify that

sDet,( M) sDet,( M) = 1. (30)

The quantum supergroup SL, , (1]|1) is defined thereby. Here also one should
except formulae analogous to (18) to hold,

Remark. In the non-Z,-graded case of 2 x 2 matrices, one has two one-parameter
families of quantum groups, GL,(2) and GL;(2). The Z,-graded case is, as we see,
less rigid: here we have two two- pammeter families, GL, ,(1[1) and GL, , (1[1).
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